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The present article the problems of the contact interaction of infinite and finite elastic stringer with a prestressed
elastic strip. The study is performed in the framework of the linearezed theory of elasticity in common form for the theory of
large (finite) initial deformations and two variants of the theory of small initial deformations with elastic potential of arbitrary
structure. Based on the assume that the stringers load at the same time the vertical and horizontal forces, fair model of bend-
ing beams in combination with horizontall elongation. This problem is mathematically formulated as a system of integro-
differential equations of a relatively unknown contact stresses. The system is solved in a closed forms using transformation of
Fourier. Expressions of stresses are represented by Fourier integrals with a simple enough structure. Influence of initial stress
on the distribution of contact stresses is study and discovered the mechanical effects under the influence of concentrated loads.

Key words: linearezed theory of elasticity, initial (residual) stresses, initial deformations, prestressed elastic
strip, transformation of Fourier.

Introduction

In the present paper, within the framework of the linearized theory of elasticity, the problem statement
and solving problems of contact interaction of the prestressed elastic strip with infinite and finite stringers are
presented. The law of distribution and displacement under the stringer, along of contact line, from the action of
the concentrated external force is studied.

All the studies are performed in the general form, adhering to the theory of large (finite) initial strains,
for compressible and incompressible bodies with arbitrary elastic potentials. For transition to different theories of
small initial deformations it is necessary to introduce the simplifications mentioned in [1].

Isolation of previously unresolved parts of a common problem

Problems arising up at the transmission of loading from infinite and finite stringers to the elastic stripe —
the classic theory of stress, again becomes relevant, in the cases when there are initial (residual) stresses in a
stripe. The special necessity of their consideration arises up because of their importance at research of
constructions in general and especially in connection with planning of constructions of aircrafts. We will notice
that initial (residual) stresses practically always are in the elements of constructions and details of machines and
can cause deformations, destructions, increase a tendency to the loss of stability and internal friction, etc.

In stringent formulation of contact problems for elastic bodies with initial stresses, there is a need to
involve the apparatus of nonlinear elasticity theory, which greatly complicates the construction of analytical
solutions. But in the case of large (finite) stresses (deformations) it is possible to be limited to consideration the
linearized theory of elasticity [1]. In this article, using the relations of the linearized theory of elasticity [2], the
solving of the contact problem for the contact interaction of an infinite and finite stringer with a prestressed strip
is presented. The study was carried in a general form for compressible and incompressible bodies for the theory
of large (finite) initial strains and two variants of the theory of small initial strains at an arbitrary structure of
elastic potential [6, 9].

Purpose

The study of the influence of initial (residual) stresses on the law of distribution and displacement under
the stringer, along of contact line. Further consideration of the class the contact problems about the contact inter-
action of elastic stringers with a prestressed strip. Study out the influence of initial (residual) stresses on the law
of distribution of contact stresses under reinforcements the elements along line of direct contact as a result of the
action on the elastic stringer of concentrated force. In the case of some elastic potentials of the simplest structure
to make carry out numerical calculations and construction of graphs.

Presentation of the main material

1. The strengthening of the strip an infinite stringer.
Boundary conditions. We assume that in the future always there are four principles, which are fundamental in
the theory of contact interaction of bodies with initial stresses and so determine the area of its applications.
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Principle 1. Contact interaction of elastic stringers with infinite (finite) stresses and elastic strip with in-
itial (residual) stresses is transpire after the occurrence of the initial stress state in the strip.

Principle 2. The external load is the acting on an elastic thin stringer causes the initial stresses in the
elastic strip to be significantly smaller amount corresponding values to stress state.

Principle 3. The initial stress state of one of the bodies that are in contact interaction has the structure,
that in area of theirs contact can (approximately, with a sufficient degree of accuracy) is considers of initial
stressed state to be homogeneous.

Principle 4. the Solution of linearized problems theory of the elasticity about the contact interaction of
bodies with initial stresses is the only one.

Subject to the conditions 1 - 4 in the contact area L, {a +» b, } for elastic stringers and elastic strip with

initial (residual) stresses, there are boundary conditions for y, =0

u(y]):u](y]); v(y]):uZ(y]); v(yl)ELk’ (1
ou Ou ov Ou
_:—]; —:—2; V(y])GLk. (2)
M oy v oy
The boundary conditions (1) - (2) together with the principles (1 - 4) and equilibrium conditions:
i
p=x(t)dt. 3)

close the formulation of linearized problems on the contact interaction of elastic stringers (finite, infinite
(a, =—o0; b, =+00)), which reinforce elastic strip.

From the condition of equilibrium the parts of the stringer (—oo, Y ) (Fig. 1):
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Fig. 1 — Stringer equilibrium
du 1
%:E_tj[q(t)—qo (t)]dt, (—oo <y < oo), 4)
| U
d'v
Dﬂ:p(yl)—po(yl), 5)

dy!
where I — the stiffness of the elastic stringer.
To determination the unknown displacements ( Y ) and u, ( Y ) , it is necessary to find the field of

elastic displacements and stresses in an infinite elastic strip with initial stresses from the influence of the ap-
plied on its surface free of pinching of concentrated normal or tangential a unit force (Fig. 1) of applied at an

angle a from the force P-S(y]) [3], here B(yl) the Dirac function; P — force.

a j J)1
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Fig. 2 — Force operation on the stripe
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This problem is solved in the coordinates of the initial deformed state y, = Ay, :
uy, =38, (A, —1)=8,, (A, 1)1y, (6)
where 7\. ( =1,2,. ) — are the elongations determining displacements of the initial state;
X; — Lagrangian coordinates;
uz — the displacement, which determines the initial state, in the case of flat deformation;
sg 0, 500 =0,0, #h, =Xy, Ay =1.
The boundary conditions:

O, (1,0)==p8(»,)sinay; O, (1,,0)=-p3(y,)cosa,;

()
u, (y]—t)zo; uz(y]—t):O; —0< Y, <00,

As a result of solving the previous problem, the functions of influence from the action of a unit normal

force for the case of equal roots of constitutive equation [1, 8, 10] n, = n, :

100
h”(y]):;J‘H” (a)cosa yda;

®)

17 .
— I s1n o yda
T

0

for unequal roots n, # n, :

1 o0
— I cos ayda;
KX )
17 .
— I s1n o y,do.
TC 0

where hl.j (OL), i,j=1,2 are the functions of influence determining displacements of boundary
points of the face y, =0 of infinite elastic strip with initial (residual) stresses from the unit normal force of
core Hl.j (OL) , I:Iu (OL) is taken in the form [3, 9].

In the case of the action of tangential force for the equal roots 7, =71, :

@,@,):%THZ,<a>sm<a>y,da;

(10)
1 o0
:—I cosocy,doc,
i
0
for unequal roots n, # n, :
1 o0
—I )sin(a) ydo;
o (11)
1 o0
——I cosocy,doc,
T 0

where the cores H i (OL) and H i (OL) of respectively is taken in the form [3, 11].
Now, the based on the principle of superposition, the displacement of the boundary points of the elastic
strip with initial (residual) stresses in the direction of the 0, and 0y, axis from the simultaneous action of the

vertical and horizontal forces, for compressible and incompressible bodies in the case an arbitrary structure of
elastic potentials in accordance with [3] are written as:
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0

): j hy, (|y1 —T|)p(r)dr+ T hy, (|y] —T|)q(’t)d’t;
(12)

U y] j Iy, |y1 T|) d‘H' J. h, |y1 _T|)
To obtain system of mtegro -differential equations for the unknown contact stresses, we will take into

account the equilibrium conditions of the elastic stringer (4), (5) and expressions for displacements (12). Then
the system of integro-differential equations has the form:

D_{J‘}H |y] 1:| ah:+J‘h1 ( )d’t}— ( )—po(r);
hdiy[_]johﬂ (|y]—T|)p(r)dr+_]ih22(y]—t)q(r)dt}z_z[q(r)—qo(r)]dt.

If only the vertical forces p, ( » ) and ¢, ( » ) =0 act on the stringer, then system (13) is reduced to

(13)

one integro-differential equation:

4 [ee]
Dd_4 [y =1)p()dx |= p(1)-po (1) (14)
V1 | —o0

Equation (14) describes the bend of an elastic stringer on the elastic strip with initial (residual) stresses.
In the case when under the action of horizontal forces ¢, ( Y ) ( Do ( Y ) = 0) , the elastic stringer on-

ly is stretches, we equation is obtained:

Ihzz |y] 1:| I[q (r)]dt. (15)

Equation (15) descrlbes the contact interaction of an elastlc stringer on which a horizontal force

q, ( Y ) with an elastic strip with initial (residual) stresses operates.
For solving the system of integro-differential equations, we use an integral Fourier transforms by ),

variable [4]. For this purpose, we first differentiate the second equation on ;. Next, we use the convolution

theorem for Fourier transform. We obtain the value of the contact stresses in the form:

- I[ (o) =ity (o) By (o) [ (o) ™, 16

p( y,)zz—“n j [a?H;, ()G, (o) + Ha (o) By () [ (o) e ™ dar, (17)

where H, (i, j= 1,2) is expressed through known functions H ; [5]. Applying the same proce-

g

dure to the integro-differential equation (14 - 15), the contact stress p ( Y ) and g ( Y ) , we obtain in the form:

“J. ]] po a)e—zaylda
(18)

“I ]] qo a)e—zaylda

Assume that an elastic thin stringer is loaded with vertical external forces p, ( Y ) =P 5( y]) and

horizontal forces ¢, ( Y ) = QS( Y ) . We denote by p, (OL) =P; q, (OL) =, and then from formulas

(18) we obtain expressions for finding the normal contact stresses p ( Y ) and tangential stresses ¢ ( Y ) :
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q(yl):% QI[—I{](&)H’I (oc)cosocyla?oc—PJ.Hl”zH‘1 (a)sinay,da |, (19)
0 0

p(n)= Ll QIH; (a)-H (o) o’ sinoy,do —PJ‘H;H"1 (a)cosay,da |. (20)
L
0 0
The numerical calculations were carried out using a computer program in the package Maple 8, accord-
h h
ing to the dimensionless quantities F p (l‘ ) are the normal contact stresses; — ¢ (Z‘ ) are the tangential contact

stresses. For the simplest elastic potentials: harmonic potential, the potential of Bartenev-Khazanovich and po-
tential of Trelora, graphs are constructed (Fig. 3).

A
0 y

o

/]
[

Fig. 3 — Distribution of the contact stresses under the stringer

Analysis of graphs is shows that in the case of compression (7\.] < 1) , the presence of initial stresses in

the elastic strip leads to a substantially decrease in the contact stresses, and in the case of stretching (7\.] > 1) —

to increase them. From the graphs it follows that the effect of the initial stresses is stronger in highly elastic materials.
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2. The strengthening of the strip a finite stringer

In the framework of the linearized theory of elasticity and the formulation of the contact problems for

W bodies with initial stresses, a contact problem for an elastic strip
) with initial (residual) stresses is reinforced with a thin finite elas-
Zo(y1) tic stringer is considered.
1 f} 9,0,) Consider the elastic strip with initial stresses of thick-
h way ) OED . hess ¢ which is clamped of the face y, = —f and on some finite

¥
g @ \\ part of the face y, =0 is reinforced with a stuck (welded) stripe

(77727777 7 7/ VA A A v e avd . . . . .
’J'/ with an elastic thin stringer. The problem is formulated as fol-

lows: it is necessary to determine the effect of the initial (residu-
al) stresses in the elastic strip on the law of distribution of the

Fig. 4 — Strengthening of the strip by a finite normal and tangential contact stresses within the contact ar-
stringer

ea[—a, a ], if the stringer is loaded with vertical and horizontal

external forces of intensity p, (yl ) and ¢, ( » ) (Fig. 4).

On the basis of the superposition principle in the case of equal and unequal roots of the defining equa-
tion, we obtain of the displacements:

U, y] Ihn |y1 |)p(r)dt+jh,2(y]—r)q(r)dt;

€2y
U, y] IhZI M- ) dT+Ih22 |y1 T|) dt

Satisfying the boundary condltlons (1) and with the equatlon (21) we obtain the basic system of func-
tional equations with which, after its solution, we find the contact stresses p ( Y ) and ¢ ( Y ) :

£ I}H |y]—1:| dt+Ih,2 ()d’C:|——J.M (t)dt+F(y), —a<y<b;
- (22)

i Ihzl dT+Ih22 |y1 T|) } Eih[Qz(y])_Q](yl):I’ a<y <b.

The system of smgular integral-differential (22) equations is reduced to one singular integral-
differential equation if you introduce a complex-valued function in the form:

x(x)=p (x)+ig (x) (x=&n.( 0). (23)

Omitting cumbersome transformations [6], we write the singular integro-differential equation in the
form:

on lj"(“)dm—jh”a ()i

.3
J*N

—fhn& )% n——M g-n)7(n)dn+

24)

+c]c2I I[(n—m)x(m)+i(m)]dmdn—

—1-1
1
—ic, [[x(n)=7(n)]dn=2c,0(¢), —1<&<l.
-1
The solution of equation (22) will be sought in the form of a series of Jacobi polynomials Pn(a’ﬁ) (T]) :

rm)=w' (M) xnE*Y(m), -l<n<l @)
-0
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If in the singular integro-differential equation (24) replace the value of an unknown function 7, on val-

ue (25), then, in accordance with the recurrence relation for the Jacobi polynomials and the orthogonality of Ja-
cobi polynomials, we obtain an infinite system of linear algebraic equations:

o0

szm—Zl(K(‘) X +K2x ):P(‘)—P(O)CO—P(”XO—P(“))? , (m=12.). (6

m,n m,n“=n m m m m n
n=1 1

After the calculations for specific materials, we obtain graphs of the distribution of loads under the

stringer:
- —1>
@
< < 13

qm
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~
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0.6+ L
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02 4 02
~ >
—————————> e 92 v e 148 9804 02 O 02 0408 08 s
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v/a 1/

Fig. 5 — Distribution of loads under the finite stringers

S, ~
The calculations were carried out for the dimensionless quantities of contact stresses g* = —= § (é) .
3
The results of calculations for the simplest elastic potentials of the harmonic, the Barthenev-
Khazanovich potential and the potential of Trelora are shown in the graphs (Fig. 5). The resulting numerical and
graphical results were carried out using in the form of a computer program in the package Maple 8.

The dotted line shows the curves corresponding A, =1 to classical theory of elasticity, the curves cor-
responding A, <1 — shows the compressive initial stresses, A, >1 — shows the influence of tensile contact

stresses for the 8, =4 .

From the graphs it follows that the contact stresses on the contact line of the elastic strip with an elastic
stringer substantially depend on the initial stresses. A more significant effect of quantitative nature, the initial
stresses is caused in highly elastic bodies, compared with more stiffs (harmonic potential). The qualitative effect
of the initial stresses is identical nature.

Conclusions

The studies presented in the paper allow us to make generalized conclusions of the influence of initial
stresses on the law of distribution of contact forces under an infinite stringer

1. In general case for equal and unequal roots of the defining equation [1] the general method of solu-
tion for the problems considered within the framework of linearized theory of this class of problems is formulat-
ed. This gives an opportunity to get the solution of the set tasks, if known the solution of analogous linear (with-
out initial stresses) problems.

2. The contact stresses on the contact line with stringer of significantly dependent on the initial stresses.
A more significant effect of quantitative nature of initial stresses is caused in highly elastic materials compared
with more stiffs materials. Qualitative effect of the initial stresses is identical nature.

3. When initial stresses is approximate to value corresponding to the surface instability, there are
phenomena of "resonant” nature, which consist in the fact that the stresses and displacements in the field of
contact a sharp of change their value, and the elastic strips with initial stresses are in a state of neutral
equilibrium.
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Hixtapyk M.M., IToriaBeska O.A., Kypinenko O.B. KoHTakTHa B3aeMofisi Npy:KHOI CMYT'H 3 MOYATKOBUMH
HANPY:KEHHAMH 3 HECKiHYEHHM i CKIHYeHHHM CTPUHTIepaMH.

Pobora npucesideHa npobiieMaM KOHTAaKTHOI B3a€MOZIiT HECKIHUEHHOT'0 i CKIHUEHOTO MPY)KHOI'0 CTPUHTepa 3 I10Ie-
PEIHBO HAIPYKEHOI cMYroro. JlociiKeHHs IPOBOAMIIOCS B PAMKAaX JIIHEapHU30BaHOI Teopil NPYKHOCTI y 3araibHiil hopmi
JUIsl Teopil BENMKHX (KIHIIEBUX) IOYAaTKOBUX AedopMaliid Ta IBOX BapiaHTIB Teopil MaJHMX IOYaTKOBUX aedopmariil 3
JIOBUIBHOIO CTPYKTYPOIO IIPYXKHOTO IOTEHILiany. ba3ylounch Ha NPUITYIIEHH], 10 CTPUHIEPH 3aBaHTAXYKOTh OJHOYACHO
BEPTUKAJIbHI Ta FOPU30HTAJIBHI CHIIM, CIIPABEUIMBA MOJIEIIb 3rHHY OaJKU B IIOEIHAHHI 3 TOPU3OHTAIBHUM PO3TATOM CTPIK-
Hs1. Ll npobGiema copmyiiboBaHa MaTEMAaTHYHO K CUCTEMa iHTerpo-audepeHLianbHUX PIBHAHD BIJHOCHO HEB1IOMOI'O KOH-
TaKTHUX HamnpyxeHb. BuxopucroByroun neperBopeHHs PDyp'e, cucreMa po3B’A3yeTbCsl y 3aMKHYTOMY BUIIIsiii. Bupasu
HaIpy)KeHb IpeJcTaBieHi inTerpanamu Oyp'e 10CUTh IPOCTOO CTPYKTYPOR. JIOCHIPKEHO BIUIMB MOYATKOBHX HAIPYXKEHb
Ha PO3MOJLT KOHTAaKTHUX HATPY)KEHb Ta BUSBJICHI MEXaHIUHI €()eKTH IiJ Ji€l0 3KOHIEHTPOBAHMX HABAHTA)KEHB.

Kurouosi cioBa: niHeapu3oBaHa Teopist IPYXKHOCTI, OYATKOBI (3AIMILIKOBI ) HAaNPYXXEHHS, KOHTAKTHI 3a]ad4i, IHTerpabHi
nepetBopeHHs Dyp’e.
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