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Abstract

The paper further developed the methodological approach in obtaining mathematical models that describe
the running-in of tribosystems under boundary lubrication conditions.

The structural and parametric identification of the tribosystem as an object of simulation of running-in
under conditions of extreme lubrication was carried out. It has been established that the processes of running-in of
tribosystems are described by a second-order differential equation and, unlike the known ones, take into account
the limit of loss of stability (robustness reserve) of tribosystems. It is shown that the nature of tribosystems running-
in conditions of extreme lubrication depends on the gain coefficients and time constants, which are included in the
right-hand side of the differential equation.

It is shown that the processes of running-in of tribosystems depend on the type of the magnitude of the
input influence on the tribosystem, the first and second derivatives. The input influence is represented as a product
of coefficients and a time constant Ky-K>-T5. This allows us to state that the processes of the tribosystem running-
in will effectively take place when the input action (load and sliding speed), will change in time and have
fluctuations with positive and negative acceleration of these values from the set (program) value. This requirement
corresponds to the running-in program "at the border of seizing".

The left part of the equation is the response of the tribosystem to the input signal. Tribosystem time
constants 7> and 75 have the dimension of time and characterize the inertia of the processes occurring in the
tribosystem during running-in. Increasing the time constants makes the process less sensitive to changes in the
input signal, the warm-up process increases in time, and the tribosystem becomes insensitive to small changes in
load and sliding speed. Conversely, the reduction of time constants makes the tribosystem sensitive to any external
changes.

Keywords: tribosystem; running-in; mathematical model of running-in; differential equation; gain; time
constant; boundary lubrication; quality factor of the tribosystem; robustness of the tribosystem; volumetric wear
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Introduction

The running-in of tribosystems is the final technological stage in the production process of machines and
the initial stage of operation of these machines. In the process of running-in, the tribosystems that make up the
machine or unit form bearing surface layers, providing further maximum resource and minimum friction losses.
An analysis of the publications of many researchers who are devoted to running in or running-in allows us to state
that the completion of the running-in process is reduced not only to the formation of the optimal roughness of the
mating friction surfaces. The running-in process includes physical and chemical phenomena, such as thermal,
diffusion, deformation, which take place on actual contact spots in the presence of lubricating media and the
environment. Therefore, reducing the running-in process, with a simultaneous decrease in wear for running-in and
friction losses, will significantly increase the resource of machines and mechanisms, which will provide an
economic effect during operation.

An analysis of models of stationary processes and running-in processes in tribosystems shows that there
is a large error in modeling the wear rate, up to 18,8%, and the friction coefficient, up to 16,0%. Such a scatter of
data in measurements can be explained by the presence of an oscillatory process of wear rate and friction
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coefficient during the running-in of the tribosystem, as well as by the ambiguity of the choice of input parameters
for modeling. Difficulties that arise in the development of such models are associated with the choice of parameters
that affect the process under study. For example, the design of the tribosystem, the lubricating medium, the
materials from which the triboelements are made, the roughness of the friction surfaces, the load-speed range of
operation, etc. The listed parameters are random functions, which makes it difficult to build mathematical models.

Literature review

An overview work, which is devoted to the processes of running-in, can be considered the work [1]. In
this paper, a system analysis and comprehensive studies of the running-in processes are carried out, on the basis
of which the definition of the running-in process is formulated. According to the authors, this is a transient process,
including a complex interaction between friction surfaces, lubrication, roughness, plastic deformation and wear.
The running-in process involves changing key tribological parameters such as surface roughness, surface
topography, coefficient of friction and wear rate until a steady state prevails. The paper provides a review of the
literature on the running-in processes.

The authors of the works [2-4] analysis of various types of running-in was carried out, where the change
in the roughness of the friction surface during running-in is studied. For example, at work [2] developed a model
for changing the roughness of friction surfaces as a function of time. The proposed model is non-linear, the optimal
values of the model parameters were estimated using the Gauss-Newton algorithm. Experimental results taken
from the literature for steel and alloy samples Cu-Zn were used to test the model and confirmed its information
content. In works [3, 4], to reduce the running-in time, the initial roughness of the friction surface has been
optimized. The authors established a correlation between the initial roughness and deformation processes of
surface layers, showed ways to optimize the running-in of tribosystems.

In works [5, 6] the processes of mechanical treatment of friction surfaces with the formation of optimal
roughness and its influence on the mechanisms of plastic deformation of surface layers during running-in were
studied. On the basis of experimental data, a model of wear during running-in has been developed and the fact of
grain refinement of materials of surface layers has been established.

The study of friction surfaces and the formation of films on them during the running-in process was
carried out by the authors of the works [7-9]. The authors conclude that the change in friction and wear parameters
that occur during running-in are not only the result of changes in surface roughness, but also the microstructure of
the surface layers and the formation of a third body. The running-in process is described by piecewise models,
which allow modeling not only roughness, but also the formation of a third body as a function of time. Authors of
the work [8] claim that the running-in process can be controlled by changing the initial roughness and lubricating
medium. For example, at work [9] the evolution of tribofilms on the friction surface during running-in is shown.

Works [10, 11] devoted to the development of models for the running-in of tribosystems. For example, at
work [10] the tribosystem is presented as a running-in attractor, which is a stable and time-ordered structure that
is formed in the running-in process. The authors carried out a dispersion analysis of the characteristic parameters
of the running-in attractors to identify primary and secondary factors that affect the running-in process. According
to the authors, the developed models make it possible to predict the running-in process of tribosystems. In work
[11] a two-scale model of the formation of the topography of the friction surface during running-in is presented.
This model makes it possible to determine the stresses on the actual contact spots and optimize the running-in
processes.

The authors of the work [12] the analysis of the influence of the spectral load during the running-in of
tribosystems was carried out. The results of experimental studies are discussed and a conclusion is made about the
prospects of changing the load, along a given spectrum, during running-in. This approach improves the efficiency
of running-in processes.

A similar approach is presented in the work [13]. The authors developed and substantiated the structure
of the tribosystems running-in program, which consists of two modes. In the first mode, the maximum load is set,
below the “sticking” load at the minimum sliding speed. This mode allows, due to the intense deformation of
microprotrusions, to form an equilibrium roughness of friction surfaces and change the structure of thin surface
layers. The first mode is called the adaptation of the tribosystem to external conditions. The second mode sets the
minimum load and maximum sliding speed. This mode allows to reduce the time of restructuring of the material
structure of the surface layers and to complete the formation of secondary structures and oxide films. The second
mode is called the trainability and trainability of the tribosystem. The paper presents the transient characteristics
of the running-in of tribosystems, which make it possible to establish the relationship between the design of the
tribosystem, rational loading modes, running-in time and wear for running-in. The practical significance of the
work is to minimize the run-in time and wear during the run-in period.

Summing up the analysis of works devoted to the running-in processes, we can conclude that the novelty
of this study is the development of a mathematical model of the running-in process of tribosystems, which will
allow modeling the change in wear rate and friction coefficient over time. The study of such processes will make
it possible to substantiate the running-in regimes and reduce running-in wear and running-in time, as well as
develop a program for effective running-in of various designs of tribosystems. Such models should determine the
boundary of the stable operation of the tribosystem, i.e. the boundary of the tribosystem exit to the scoring or the
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boundary, when the accelerated wear of the materials of the triboelements begins [14]. Accounting for such
regimes will improve the efficiency of modeling the running-in processes of tribosystems.

Purpose

The purpose of this study is to develop a mathematical model of running-in processes in tribosystems in
the form of a differential equation and its solutions, which will allow modeling the wear rate and friction coefficient
over time, taking into account the robustness range.

Methods

The structural identification of the mathematical model of tribosystems running in conditions of extreme
lubrication will be performed according to the following structural and dynamic scheme, which is shown in
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Fig. 1. Structural and dynamic scheme of simulation of tribosystems running-in processes

The structural dynamic scheme is built on the principle of two blocks connected in series.

The first block simulates the change of the following values:

- input impact on the tribosystem Wi, (the power supplied to the tribosystem) is determined by the
formula given in the work [15];

- the maximum value of the input impact, when there is accelerated wear of tribosystem materials, or
burr of friction surfaces, Wh, is determined by the formula given in the work [14];

- speed of dissipation in the tribosystem Wrg, is determined by the formula given in the work [15];

- the maximum value of the quality factor (Q-factor) of the tribosystem Qmax during the running-in time,
is determined by the formula given in the work [16];

- the design parameters of the tribosystem are taken into account by the form factor Kj, is determined
by the formula given in the work [16];

- given value of the coefficient of thermal conductivity of triboelement materials areq, is determined by
the formula given in the work [16];

- rheological properties of the structure of composite materials in the tribosystem RSz, is determined by
the formula given in the work [16].

The second block of the structural-dynamic scheme, fig. 1, simulates the reaction of the tribosystem to a
change in the input external influence, with a subsequent change and stabilization of the volumetric wear rate I(t)
and coefficient of friction f(t) after completion of the running-in. Such processes are accompanied by a change in
the roughness and structure of the surface layers of triboelement materials.

The transfer functions of the second modeling block, fig. 1, are similar to the transfer functions of the
second block of the structural-dynamic scheme, which is presented in the work [15]. Transfer functions are inertial
links and characterize the sensitivity of the tribosystem to input external influences and the ability of the
tribosystem to rearrange the surface layers of the materials from which the triboelements are made during running-
in. Such a reconstruction is associated with a change in the load, sliding speed, and Q-factor of the tribosystem
[16]. Such processes are a function of time.

Applying the methods of the theory of identification of dynamic objects, it is possible, for the structural-
dynamic scheme in fig. 1, to obtain an equivalent transfer function for simulating the running-in of the tribosystem:

Kop-K,(T;p+1)

G, = 2 . (1)
(T, T5)p" +(T, +T,) p+ K, K5 +1

We will write the corresponding equation of the tribosystem running-in dynamics in the following form:
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(T2T3)p2 +(T,+T)p+ K,K; +1= (KoKsz)pZ + KK, p 2

The differential equation of the second order is written in operator form, where the symbol p, is the
differentiation operator, d/dt.

The right-hand side of the differential equation (2), which characterizes the input effect on the tribosystem,
contains the first and second derivatives. The input influence is represented as a product of coefficients and a time
constant Ko-K>-T5. This allows us to state that the running-in processes of the tribosystem will effectively take
place when the input action (load and sliding speed) will change in time and have fluctuations with positive and
negative acceleration of these values from the set (program) value. This requirement corresponds to the running-
in program "at the border of seizing".

The left part of the equation is the response of the tribosystem to the input signal. Tribosystem time
constants 7, and 73 have the dimension of time and characterize the inertia of the processes occurring in the
tribosystem during running-in.

Increasing time constants 7>, and T3, makes the process less susceptible to changes in the input influence,
the running-in process increases in time, and the tribosystem becomes insensitive to minor changes in load and
sliding speed. Conversely, the reduction of time constants makes the tribosystem sensitive to any external changes.

The procedure of parametric identification or finding expressions for calculating gain coefficients and time
constants that characterize the dynamics of the tribosystem run-in process is an experimental material that allows
you to select the most significant factors that affect the running-in process.

Gain factor Ko, which is included in the first block of the structural-dynamic diagram, fig. 1 and in the
differential equation, formula (2) takes into account the degree of influence of the input signal (load, sliding speed,
tribological characteristics of the lubricating medium) on the value of the output signal (Q-factor of the
tribosystem). Based on this physical concept and using the dimensional methods of similarity theory and modeling,
we will get an expression:

K,=—. ®)

where Wi; - the input effect, or the power supplied to the tribosystem, is calculated as the product of the load
and the sliding speed, the formula for the calculation is given in works [14, 15];

W, - input impact, or power, when loss of stability, burr or accelerated wear occurs, the formula for
calculation is given in the work [14].

As follows from the expression (3) of the ratio of the active input influence W;, selected for the tribosystem
running-in mode, to the maximum value Wy, when there is a loss of stability, burr or accelerated wear, characterizes
the maximum value Wi, which can be used when running in tribosystems. Relation Wi/W, should not exceed units.
Size Wy is determined by modeling according to the method given in the work [14].

The physical meaning of the coefficient K> — it is the sensitivity of the tribosystem to changes in external
influences (load, sliding speed, Q-factor of the tribosystem). The value of the coefficient Kz is calculated according
to the formula given in the work [14] and has a similar physical meaning.

Coefficient K3 — characterizes the ability of the tribosystem to self-organize when the values of the input
parameters (load, sliding speed, Q-factor of the tribosystem) change. The value of the coefficient K3 is calculated
according to the formula given in the work [14] and has a similar physical meaning.

Time constant 7», which is included in the left part of the differential equation (2), characterizes the time
during which the temperature gradient stabilizes by the volumes of the triboelements, taking into account the
thermal conductivity of materials when the external conditions change, the dimension is a second. Value T is
calculated according to the formula given in the work [14] and has a similar physical meaning.

Time constant 73, which is included in both the right and left parts of the differential equation (2),
characterizes the time during which the tribosystem returns to a stable mode of operation after the cessation of the
action of the disturbing force, or the time until the parameters stabilize in the new mode of operation. Value T3 is
calculated according to the formulas given in the work [14] and have a similar physical meaning.

Results

The solution to the above differential equation (2) when simulating the volume rate of wear is the following
expression:
4

() =1 |1+ (K,-K,)"(t) -e[ft"”' ‘t] -(cosv t+Assinpt) | 4)

where Is— the value of the wear rate of the tribosystem after running-in (stationary mode) is determined by
the expression given in the work [18];

/A — exponent, which takes into account the change in the constant 73, as a function of running-in time, a
dimensionless quantity;
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t — running-in time, which varies from zero to completion of the running-in process, dimension second.
The decrement of damping of oscillations during running-in is represented by the following formula:

_ (T, +Ty))

5
2.7, ©

d,

The time constant of the tribosystem for simulating the volumetric rate of wear during running-in is

represented by the following formula:
Ty =T, Ty, - (6)

The frequency of wear rate fluctuations v, during running-in:

,h—df

1
The amount of deviation of the volume rate of wear from the current value during the oscillating process:

d,

A =—l 8
| N ( )

The solution to the above differential equation (2) when modeling the friction coefficient is the following
expression:

dy
— -t
0,3T;

f(t)=f, l—(KO-Kz)l(t)-e[ J-(cosz)ft+Af sino,t) |, 9)

where fs — the value of the friction coefficient of the tribosystem after running-in (stationary mode) is
determined by the expression given in the work [18].
The decrement of damping of oscillations during running-in is represented by the following formula:

_ (Tz +T3(f))
2-T,
The time constant of the tribosystem for simulating the friction coefficient during running-in is represented

by the following formula:
Tf=1/T2-T3(f). (11)

Frequency of friction coefficient fluctuations o during running-in:

dy

- N

(12)

A= (13)

When modeling the running-in processes of tribosystems, especially according to the program "at the
boundary of seizing", it is necessary to take into account the limiting values of the load and sliding speed when
accelerated wear or scuffing occurs. Such parameters are not constant for tribosystems, but depend on the design
(shape factor), rheological properties of triboelement materials and their thermal diffusivity, roughness of friction
surfaces and sliding speed. A change in the sliding speed leads to a change in the strain rate on the actual contact
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patches, which affects the quality factor of the tribosystem and its change during running-in, which is presented in
the work [16].

On fig. 2 shows the dependences of the change in the magnitude of the input impact on the tribosystem
when scoring or accelerated wear occurs — Wy, when changing the sliding speed and tribological properties of the
lubricating medium. The dependencies are built according to the method for assessing the robustness of
tribosystems, presented in the works [14, 19] and verified experimentally with an assessment of the reproducibility
of the results and the adequacy of the simulation results to the experimental data.

The dependencies are built for the tribosystem «steel 40H + Br.AZh.9-4», Ky = 12,5 m, Ra = 0,2 micron,
Sm =0,4 mm.
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Fig. 2. Dependencies of the value of the input impact, when the loss of stability occurs (accelerated wear or burr), for
different values of the sliding speed and tribological properties of the lubricating medium: 1 - MG-15B hydraulic oil; 2 - engine oil
M-10Gyk; 3 - transmission oil TSp-15K; 4 — the resulting curve for points that have the same loss of stability value

Analysis of the presented dependencies allows us to draw the following conclusions. The figure field can
be divided by curve 4 into two parts. To the left of curve 4 - the loss of stability of tribosystems occurs due to the
occurrence of accelerated wear. To the right of curve 4 - due to tearing of friction surfaces. Points on curves 1, 2,
3, marked with "stars" have the physical meaning of the points of transition of buckling from accelerated wear of
friction surfaces to scuffing of surfaces.

As follows from the dependencies, curves 1, 2, 3 have a minimum, where the occurrence of accelerated
wear occurs at the minimum values of the input action, which is supplied to the tribosystem. This minimum can
be explained by the absence of protective structures on the friction surfaces, since activation energy is not enough
for their formation. There is an adsorbed viscous lubricating film on the friction surface. With an increase in the
power supplied to the tribosystem, the activation energy becomes sufficient to form, first, viscoelastic structures,
and then, solid elastic structures (right side of line 4).

These dependencies formed the basis for obtaining the exponent A, which is presented in formulas (4) and
(9) and which can be expressed by the following relationship:

2,2 T3(V:Vred) )
T, (W, =min)

where T3(V=Vreq) — the value of the time constant at the sliding speed, which corresponds to the tribosystem
running-in mode, dimension s;

T3(Wp=min) — the value of the time constant at the sliding speed, which corresponds to the minimum
value of the input influence, when the tribosystem loses stability, dimensionality s. This is the minimum on the
curves, fig. 2.

When modeling the change in the volumetric wear rate during running-in, it is necessary to substitute the
value in formula (14) Tz, the formula for calculation is presented in the work [14]. When modeling the friction
coefficient, in formula (14) it is necessary to substitute the value T3, the formula for calculation is presented in
the work [14].

Exponent 4 with the coefficients Ky.K> in the solutions of differential equations (4) and (9), takes into
account the margin for stable operation of the tribosystem during running-in. Or, according to work [14] —
tribosystem robustness margin. The method for determining the robustness of a tribosystem is described in the
work [14].

Applying formulas (4) — (14), it is possible to simulate the processes of running-in of tribosystems over
time when the following input factors are changed:

- load, N;

(14)
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- sliding speed, m/s;

- geometric dimensions of the tribosystem, which are taken into account by the form factor K, 1/m;
- coefficients of thermal conductivity of materials of moving and fixed triboelements areq, Mm?/s;

- rheological properties of the structure of combined materials in the tribosystem RSzs, 1/m;

- tribological properties of the lubricating medium £y, J/md;

- roughness of friction surfaces Ra and Sm, m.

Conclusions

The structural and parametric identification of the tribosystem as an object of simulation of running-in
under conditions of extreme lubrication was carried out. It has been established that the processes of running-in of
tribosystems are described by a second-order differential equation and, unlike the known ones, take into account
the limit of loss of stability (robustness reserve) of tribosystems. It is shown that the nature of tribosystems running-
in conditions of extreme lubrication depends on the gain coefficients and time constants, which are included in the
right-hand side of the differential equation.

It is shown that the processes of running-in of tribosystems depend on the type of the magnitude of the
input influence on the tribosystem, the first and second derivatives. The input influence is represented as a product
of coefficients and a time constant Ko-K>-T3. This allows us to state that the running-in processes of the tribosystem
will effectively take place when the input action (load and sliding speed) will change in time and have fluctuations
with positive and negative acceleration of these values from the set (program) value. This requirement corresponds
to the running-in program "at the border of seizing".

The left part of the equation is the response of the tribosystem to the input signal. Tribosystem time
constants 7> and 73 have the dimension of time and characterize the inertia of the processes occurring in the
tribosystem during running-in. Increasing the time constants makes the process less sensitive to changes in the
input signal, the warm-up process increases in time, and the tribosystem becomes insensitive to small changes in
load and sliding speed. Conversely, the reduction of time constants makes the tribosystem sensitive to any external
changes.
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BoiiToB A.B. MaremMaTtnyHa MOJeIb MPHUIPAIIOBAHHS TPUOOCHUCTEM B YMOBaxX IPaHMYHOTO MAaIICHHSI.
Yactuna 1. Po3pobka MmaTemMaTHaHOi MOAEIi

VY po6oTi oTprMaB pO3BUTOK METOMMYHUH MiIXiX B OTPUMAaHHI MaTeMaTHYHUX MOJEJEH, SIKi OMHCYIOTh
NPHIIPALIOBaHHS TPUOOCHCTEM B YMOBAaX I'PaHHYHOI'O MAILCHHS.

BukoHaHO CTPYKTYpHY Ta MapaMeTpHYHy iJeHTHQIKAII0 TPUOOCHUCTEMH, SK 00'€KTa MOICTIOBAHHS
NPUIPALIOBAaHHS B YMOBaX I'PaHHYHOTO MallleHHA. BCTaHOBIEHO, 10 NMPOIECH MPHIPALIOBaHHS TPpHOOCHUCTEM
onucyeTsest AUPEPeHIIHHUM PIBHSAHHAM APYTOro MOPSAKY Ta Ha BIAMIHY BiJ BiJOMHX BPaxOBYE MEXY BTpaTH
cTilikocTi (3amac podacTHocTi) TprOocucTeM. [lokazaHo, O XapakTep NPHUIPALIOBAaHHS TPHOOCUCTEM B YMOBaxX
TPAaHUYHOTO MAILCHHS 3aJIeKUTh BiJl KOe(IIIEHTIB MMiJCHICHHS 1 IIOCTIHHMX Yacy, SKi BXOAATh B PaBy YaCTHHY
JudepeHiiHOro PiBHAHHS.

[TokazaHo, 110 MpoLECH NPHUIPALIOBAHHS TPUOOCHCTEM 3alie’KaTh BHJ BEJIMYMHM BXIJHOTO BIUIMBY Ha
TpuOOCHCTEMY, TIepIia Ta Apyra MOXinHi. BXimHWi BINIMB mpencTaBiieHO y BUTIIAAL TOOYTKY KoeQillieHTiB Ta
noctiitHoi wacy Ko'K>'T3. Lle mo3BoJIsie CTBEpIKYBATH, IO IPOLIECH TIPHUIIPAIIOBAHHS TPHOOCHCTEMH €(PEKTHBHO
MIPOXOIUTHMYTh, KOJH BXiHWH BIUIMB (HaBaHTa)KEHHS 1 IIBUAKICTh KOB3aHHS), SMIHIOBATUMYTHCS B Yaci i MaTH
KOJIMBaHHS 3 TO3MTHBHMM 1 HETaTHBHHM IPUCKOPEHHSIM LUX BEJIUYHH BiJl BCTAHOBJICHOTO (IIPOTPaMHOIO)
3Ha4YeHHs. Takiil BUMOT1 BiIIOBia€ MporpaMa MpUIIPaIOBaHHs «Ha MEXi 3aiqaHHD».

JliBa yacTHHA PIBHAHHSA - [Ie peakiis TprdocucTeMn Ha BXinHUH curHan. IlocTiitHi wacy Tpubocucremu 7>
Ta 73 MaroTh PO3MIpHICTh Yacy 1 XapaKTepH3yIOTh IHEPIIHHICTh MPOLECIB, 10 NPOTIKAIOTh B TPUOOCUCTEMI, Tif
Yac MpUIpAIOBaHHs. 30UIbIICHHS MOCTIMHUX Yacy pOOHUTH MPOLEC MEHII CHPUHHATIUBUM JI0 3MIHHM BXiIHOTO
CUTHAJTy, TPOIIEC TPUIIPAIFOBAHHS 301IbIIYETHCS B Yaci, a TPUOOCHCTEMA CTA€ HEUYTIMBOIO IO HE3HAYHUX 3MIiH
HABAHTAXXCHHS Ta IIBUIKOCTI KOB3aHHA. | HaBMakW, 3MEHIICHHS MOCTIHHMX dYacy, pPOOUTh TpUOOCHUCTEMY
YYTJIMBOIO /10 OY/b SKMX 30BHIIIHIX 3MiH.

KarouoBi caoBa: TtpubocucTeMa; NpHIPALIOBAHHS;, MaTeMaTHdHa MOJEIb IPHIPALIOBAHHS;
mudepeHmiifiHe piBHAHHA; KOeQIIieHT WiACHICHHS; IIOCTiHHA 4Yacy; TpaHWYHE MaIleHHs; JOOpPOTHICTH
TpuOOCHUCTEMH; pOOACTHICTh TPUOOCHCTEMH; IBUAKICTh 00'€MHOTO 3HONTYBAaHH; KOS(IIIEHT TepTs



